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Abstract 

The article is written in Russian. 

Tractrices of planar curves, in particular, a family of tractrices of a circle, are considered. 
Some new observations (including arc-length parametrization, Chezaro equation) and 
corrected reference informations are provided. 

These notes have been written after a rather unsuccessful search for detailed information 
on tractrices of a circle. The most comprehensive description was found in the well-known 
monograph of Gino Loria jlj. We derive the natural parametrization of these curves and 
general Chezaro equation. "Internal tractix", omitted in [JL], is added to the classification 
of tractrices, proposed herein. 

Let the point A move along a directed circle (whose curvature ^ defines the 
direction of movement), pulling the mass point B, attached to A by the thread of the 
length T. Tractrix is the trajectory of B. The Chezaro equation of tractrix of the circle is 

kr^is-w T) — ± ^ ~ il+w)e~^ where w = ±KT, 

^ ' ' ^ ~ ' ^' and w > -I 



T^l - [w - {l+w)e-^] 

(plotted in Fig.[S]). The following cases are described {R= \K\^^): 

Tl: external tractrix with a long thread T > R, w > 1 (Fig.[9]a); 

T2: external tractrix with T = R (polar, spiral tractrix), w = 1 (Fig.[9]6); 

T3: external tractrix with T < R, < w < 1 (Fig.lllc); 

T4: tractrix of a straight line (i? = oo), w = (Fig.lHH); 

T5: internal tractrix {T < R), -1 < w < (Fig.[9]e); 

(the case w < —1, T < — i? < produces reverse tractrix, like GF in Fig.lH]). There 
is also a trivial case (Fig.[T](i) when tractrix is a circle (or straight line). In Fig.[T2] two 
tractrices of the curve A1A2A3 are shown as the otrhogonal trajectories of the family of 
circles, centered along ^41^42^3. 

Fig.m shows involute E1E2E3 of the circle of radius i? as a tractrix of Archimedian 
spiral A1A2A3. Fig.[7] illustrates periodic tractrices of periodic curves. Polar equations 
of tractrices are given in (fT7|) (two misprints from \)\ in polar equations [p{t), ^(t)] are 
underbraced in Sec. l2.7p . 
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TpaKTaT o TpaKTpHcax 

AjieKcefi KypHoceHKo 



AHHOTau,Ha 

3th saMCTKH nocBameHM TpaKxpncaM hjiockhx kphbmx, b nacTHocTH — ceMeficxBy TpaK- 
xpHC OKpyjKHOCTH. HpHBO^^aTCH HOBbie Ha6jiio;i,eHH3 (nepHo;];HHecKHe xpaKxpHCbi, naxy- 
pajiBHoe ypaBHCHHe xpaKxpHC OKpyacHocxn) , cnpaBOHHaa HH(|)opMaii,Ha 06 sxhx kphbbix, 
npefljiojKena hx KjiaccH(|)HKaii;Ha. YKasaHbi nexoHHocxH, nepeKoneBaBinHe hs KjiaccHHe- 
cKoro oHHcaHHs [l| B coBpeMeHHbie cnpaBOHHHKH. HanHcaHo b ^yxe KypcoBofi pa6oxL.i 
cxapaxejiBHoro cxy^enxa. 



EcjiH oflHH KOHen; (A) nepacxajKHMOH hhxh AB bccxh b^ojib kphboh Z, to xaace- 
jiaa MaxepnajiBHaa xoHKa, npHKpenjieHHaH k KOHii;y B, onHinex mpaKmpucy KpHBoii Z 
(pHC. [T]). KpHBaa Z no oxHomeHHio k xpaKxpnce HBjiHexca 9K6umameHv;aaA'bHou Kpueou. 

Hacxo npocxo xpaKxpncoH nasbiBaiox nasbiBaiox xpaKxpncy npjiMOH jihhhh (pnc. [!]&). 
3xa KpHBaa xopomo nsBecxna h no;i,po6HO onHcana. OnncaHHH xpaKxpnc OKpyjKHOcxH 
Gojiee cKynbi h MecxaMH oniHGoHHbi. OGbihho paccMaxpHBaexcH xpaKxpnca c fljiHHofl 
noBojxKa., paBHOH pa^^nycy OKpyacnocxH, HasbiBaeMaa cnupaAtHou hjih noASipHOU xpaK- 
xpHcoH (pHc.[T]c). JXjiii 3XHX ;i,Byx KpHBbix H3BecxHbi H HaxypajiBHBie ypaBHeHH3, HaCXHBie 
cjiynan nojiyneHHoro nnace o6iii;ero ypaBHCHHa (|9]). 

Bh^mo, HanGojiee nojinoe onncaHHe xpaKxpnc oKpyjKHocxH ^ano b KjiaccHHecKOM 
xpy^e pj, o^HaKO b hcm flonymeHti nexoHHOcxH, nepeKOHeBaBinne h b ^pyrne cnpaBOH- 

HHKH. ritlXaHCB npHOCXaHOBHXB HX pacnpOCXpaHCHHe, Mbl o6paXHM Ha HHX OCo6oe BHHMa- 




Pi/ic. 1. 05pa30BaHi/ie rpaKTpi/icbi Kpi/iBOw Z (oKpy>KHOCTi/i, np?iMoPi) 
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Pi/ic. 2. TpaKTpncbi neKOTopbix Kpi/iBbix (/leMHi/iCKaja, BOCbMepKa, ci/iHycoi/ifla, cocraBHOM KOHTyp, 
naTi/iyro/ibHMK, KBaflpar). HepHa5i Kpi/iBa5i — Beflymaji (ee opi/ieHTai^i/iJi yKaaaHa). 



HHe (n. l2.7p . HcTopHa Hccjie^oBaHHH sthx kphbmx, cBoficTBa h npnjiojKeHHH TpaKxpHcti 
npsMOH onHcaHbi b jij. 

Ha pHC. |5] noKasaHbi xpaKxpHCbi necKOjiBKHX kphbbix. CnjioinHbie BCKTopbi yxasbiBa- 
lOT HanajiBHoe nojioaceHHe Be^oMoii tohkh, nyHKTHpHbie — nojiojKeHHe b tohkc ocTanoBa 
(ecjiH npoH3omjio ocjiaGjieHHe hhth). 

1. TpaKTpHca npoHSBOJibHoii KpHBoii 

1.1. IJocmpoeHue mpaKmpucu 

HycTB u{l),v{l) — TCKymee nojiojKeHHe Be^ymefi tohkh A na ^^aHHoii KpHBoii, / — na- 
TypajibHbiii napaMeTp. Yroji 6{l) = arg(M^+if^') onpe^^ejiHex HanpaBjienne ee KacaxejibHOH 
(pHc. [2D- ToHKH HCKOMOH xpaKxpHCbi o6o3HaHHM x{l), y{l)', t{1) = a.Tg{xi + ly'i) — Ha- 
npaBjieHHe KacaxejiBHofi k nefi, coBna;],aioiii,ee c HanpaBjieHHeM HaxanyxoH hhxh (BeKxopa 
BA) . Tor^a npn ^jiHHe hhxh T 



x{l) 

y{i) 



u{l) — T cos t{1) 
v{l) -Tsinril). 



(1) 
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Pi/ic. 3. K BbiBOfly HaTypa/ibHoro ypaBHeHi/i5i Pnc. 4. Bso/ibBeHTa OKpy>KHOCTi/i {E1EQE2) 
TpaKTpncbi KaK TpaKTpnca cnnpa/in Apxnrviefla (^1^40^12) 



HaTypajibHMH napaMexp TpaKxpHCbi oGosHanHM s. ^H4)(j3epeHii;HpyeM no /: 



du dr 



cos r- 



dv dr 
d/-^^°^"d/^ 



dl 
ds 



smr- 



dx ds 

dJd7 
dy ds 

TsTl dl dV ~"" dl 

Pemaa jiHHeilHyio OTHOcnxejibHO r/, s'l CHCxeMy, nojiynaeM 

, sin(6'— r) 
r, 



cos9 + Tsinr— , 
dl 



sin 6 — T cos r 



dr 
dl' 



T 



cos 



(2) 
(3) 

Pemenns r(/) ypaBnenna ([2]) c nsBecxnon (|)ynKn;HeH ^(/) ^ocxaxonno ^jth nocxpoenna 
xpaKxpncbi no (|)opMyjiaM ([1]). HponnxerpHpoBaB saxcM (|3]), mbi naxo^HM s{l) n o6paxnyio 
4)ynKn;Hio l{s), nxo nosBOJiaex nepenxn k naxypajibnoii napaMexpH3an;HH xpaKxpncti. 

Bome^mnn b sxh ypaBnenna yroji MeJK^y nanpaBjiennaMH ^BnacennH flByx xoncK, 
0—T, ;i,oji>Ken 6L.IXL. ocxpbiM, nnane nnxb ne 6yjieT xanyxb xonxy B: 



v{l) = 9{l)-ril), 



--^iy(l)^-. 
2 ^ ^ 2 



(4) 



Hpn z/ = ±7r/2 xpaeRxopna nannnaexcH hjih npcKpamaexca. Ho^cxanoBKa ocxaBjiaex 
B ypaBHennn ([2]) nepeMennbie, ne saBHCHntne ox BbiGopa chcxcmbi Koop^nnax: 



du sinz/(Z) 
-dl = '^^^ - 



(5) 



r^e q{l) = 0'i{l) — KpnBnana KpnBon [«(/),!>( 
xpncbi nojiynHM xax: 

sinf^^- 



Haxypajibnoe ypaBnenne hckomoh xpaK- 



dr dr dZ 

^^'^ = dl = Ti'Ts 



T 



cos 



^tgj^(/(s)). 



(6) 



Cyn^ecxBOBanne, e^^nncxBcnnocxb n nenpepbiBnaa saBHcnMocxb pemennn ypaBnenna ^ 
ox nanajibntix ycjioBnn o6ecnenHBaexc3 BbinojinenneM ycjioBna JlHnmHn,a: 



dz/i 


dz/2 


2 


~^ 


~ 'dl 





sm 



-U2 1^1+1^2 
— cos — - — 



\J^l-'^2\ 

T 



(7) 



1.2. TpaKmpucu muna «mjmu-moAKau» 

Tenepb sanennM nnxb cxepacneM, nojiaraa, nxo npn ^ocxnjKennn nojiojKcnnH, b ko- 
xopoM nnxb 6hi ocjiaGjia, cxepjKent Gy^ex npo^ojiacaxb pa6oxaxB b peacnMc xojiKanna 
Be^oMOH xonxn. By^cM cnnxaxb, nxo xojiKanne nponcxo^nx no xpacKxopnn, Koxopaa 
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oGpasoBajiacb 6t.i npn BbinojiHenHH o6paTHoro ;];BH>KeHH5i b pexcHMe «TaHH», h paccMax- 
pHBaTb TpaeKTopHK) TOJiKaHH3 KaK peBepcHyio no oxHomeHHio k TpaxTpnce c hhtbio. 
Torfla MM ocxaeMCH b paMKax Mo^ejin ([1]) c saMeHoii T na KycoHHo-nocTosHHyio cJ^ynK- 
u}iK) Tsgncosz/(/) = ±T, OTpHn;aTejibHyio b peacHMe TOjiKaHHa. 

KpHBaa A1A2A3 Ha pnc. |4] — crmpajit ApxHMefla p{f) = Rf (BexBb A1A2 co- 
OTBCTCTByeT (f <0). JlerKo yGeflHTtca, hto npn ^jiHHe HHTH-cxepjKHH T = R nojiynHM 
B KanecTBe o^Hoii hs xpaxTpHc KpHByio E1E2E3 — sBOJibBeHxy oKpyjKHocxH pa^nyca 

R= \A2E2\. PeJKHM «T5IHH» HOKaSaH Ha pHCyHKe HyHKTHpHblMH CXpejIKaMH (EiAi); HX 

HanpaBjieHHe coBna;i,aeT c KacaxejibHOH k xpaKxpHce. HepeKjiioHeHHe peacHMa npoHcxo- 
flHX B xoHKe E2/A2, GbiBmefl xohkc ocxanoBa, xenepb — xohkc BOSBpaxa. HanpaBjieHHe 
KacaxejiBHOH MenaexcH b neii cKanKOM. 

HpHMepbi xpaKxpnc xnna «X5iHH-xojiKaH» npHBeflenbi xaxace na pnc. OnlHl 

1.3. TeopeMa nepuoduuecKux mpaKmpucax 

Cjie^yiomee yxBepac^enne mbi ^OKaaceM b ocjiaGjienHOM Bapnanxe, orpannnnB Kpn- 
BHSHy Beflymen KpnBon, a npoHjijnocxpnpyeM Ges sxoro orpaHHHeHna (pnc. [7]). 

TeopeMa. V nepuodunecKou npueou ospanuHeHHOu npueusHu cyiu,ecmeyem ceMeucmeo 
nepuoduuecKux mpaKmpuc. 

^OKasaxejifcCTBO. Ecjin KpHBHsna orpannnena, x.e. \q{l)\ < 00, xo fljinny hhxh mojkho 
orpaHHHHXb MnnHMajitntiM pa^nycoM kphbhshbi: 

r< min|l/g(/)| , x.e. |g(/)r|<l. (8) 

ToTj\a., ecjiH Bospacxaex, npnGjinacaHCb cjieBa k +7r/2, xo v[ < 0, n nannex y6t>i- 
Baxb ([5]). npnGjiHJKaacb cnpaBa k — vr/2, yGtmaioniaii (|)ynKn;H5i cxanoBHxcs Bospac- 
xaionien. TaKHM o6pa30M, npn nanajiBnbix snanennax z/(0) G [— 7r/2,7r/2] pemeHHSi 
6ojiee ne bbixo^hx 3a npe^ejiBi nnxepBajia (— 7r/2, 7r/2), n mbi Bce BpeMH ocxaeMCH b pe- 
jKHMe xanymeii nnxn. 



5 



Pi/ic. 7. Cewiei/icTBa nepi/iofliiHecKMx rpaKTpi/ic p,n^ Merbipex nepnofli/iMecKi/ix Kpi/iBbix 

HycTb Tenepb h z/2(/) — ^sa pemeHHs ypaBHeHHa c HaHajibHbiMH ycjiobhsmh 
1^1 (0) < z>'2(0), 2^1,2(0) G [— 7r/2, 7r/2]. Tor^a fljia (|)yHKn;HH = z/2(/)— z/i(/) cnpaBeflJiHBO 

5(0) >0 H (5; = -^[sinz.2(/)-smz.i(0] = -| sin ^ cos '^^(^)+^^(^) < Q. 

CHTyan;H3 3/o : S{Iq) = HeBosMoacna, xaK KaK ona 6hi osHanajia napymeHHe e^HHCTBen- 
HocTH pemeHHa b oKpecTHocra tohkh l = lo (I7j). Cjie^oBaxejibHo, 6{l)>0, h moho- 
TOHHO y6t.iBaeT. JXBa pemeHna ^^1(0 ^ ^^2(0 cGjinacaioTca, ocxaBaact BHyxpn HHTepBajia 
(— 7r/2, 7r/2). IlpH z^i(O) = — 7r/2 h 1^2(0) = 7c/2 mbi nojiynacM nenpepbiBHoe h cjKaToe oto6- 
paJKCHHe oxpesKa [— 7r/2,7r/2] na oxpesoK [z/i(L), z/2(L)], r;];e L — nepHo^i; (|)yHKii;HH q[l). 
Oho HMcex Heno;];BH>KHyio xoHKy z/*. BsaB ee b KanecxBC HanajibHoro ycjiOBHH, nojiy^HM 
HCKOMoe nepHo;];HHecKoe pemeHHe ypaBHCHKH HapaMexpoM nojiyneHHoro ccMeflcxBa 

CJiyJKHX flJIHHa HHXH T. □ 

YCJIOBHC OrpaHHHeHHOCXH KpHBHSHBI ([H]) Ha pHC. [7] CoGjIIO^^CHO HC BCS^^C. KpHBHSHBI 
SJIJIHHCa H BOCBMepKH OrpaHHHeHbl, HO B H3o6pa>KeHHt.ie CeMCHCXBa BKJIIOHeHL.1 xaKJKe He- 

pHOflHHecKHe xpaKxpHCBi CO sHaieHHaMH T, Hapymaion];HMH ycjioBHe ([8]). Fjia^^xaa xpn- 
Baa E0E1E2 BKjiioHaex HOjiyoKpyjKHOcxb E1E2 h ^bc ^yrn BBOJiBBenxBi OKpyjKHOcxH, 
EqEi R E2E0, c k{Eo) = 00. Y Be^ymeii KpHBoii F0F1F2 HMeroxca hsjiombi, Koxoptie 

MOJKHO Hpe^CXaBHXB KaK HMHyjIbCbl KpHBHSHBI (b BH^C ^ejIbXa-(|)yHKn;HH ^HpaKa). B HJI- 

jiK)cxpan;Hax npncyxcxByiox pe>KHMt.i xojiKaHHa, ne paccMoxpcHHtie b ^oKaaaxejiBcxBc. 

HepHo^HHecKHe xpaKxpncti oKpyjKHocxH npeflcxaBjienbi KaK xpHBHajitnaa xpaKxpnca 
Ha pHc. [T](i H 3Be3;];Haxt.ie KpHBbie na pnc. |6l 
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2. TpaKTpHCbi OKpy:a<;HOCTH h npjiMoii 

^JKHHO Jlopna BMBo^HT ^HcJ)cJ)epeHii;HajibHoe ypaBHCHHe TpaKxpHCbi oKpyjKHocTH pa- 
flHyca a c noBOflKOM fljiHHBi / b nojiapHbix Koop^HHaxax (f?, b bh^c 

Q H ■r^^^^=^^^^ = a — I . 



.00 



\2 



Mhi nojiyHHM nojispHbie h napaMexpHHecKHe ypaBHeHHa 3thx kphbbix ncxofla h3 naxy- 
pajiBHoro ypaBHCHHS 

J W 1 — — (l+w)e tJ 

3^ecB T > — fljiHHa noBo^xa, ^ — KpHBHsna oKpyjKHocxH, snaK Koxopofi onpe- 
jiejiseT opHeHxaii,Hio oKpyjKHocxH (h xcm caMbiM nanpaBjieHHe ;];BH>KeHH3 Be^^ymefi xoh- 
kh). HpH 3XOM, ecjiH noBOflOK Kopone pa^Hyca oKpyjKHocxH, l-^P^? mbi MoxceM, b 

aaBHCHMOCXH ox HaHajIBHBIX yCJIOBHH, nOJiyHHXb XpaKXpHCbl AByX XHnOB, HHJKe HaSBaH- 

Hbie BHeniHeii h BHyxpeHHefi (ecxb h xpexba bosmojkhocxb — "xpHBHajibnaa" xpaKxpnca, 
pHC. HpH T ^ xojiBKO o;];hh h3 BapnaHXOB w = ±KT y;];oBjiexBopaex ycjioBHio 

w > — 1, H cymecxByex e^HHCXBeHHaa (BHeniHHJi) xpaKxpnca. 

2.1. Bueod HamypaAbHoso ypaeneHUH 

HycxB Be^ymaa KpHBaa — OKpyjKHOcxt kphbhshbi q(l) = K = const (pa^^nyca R = \K\~'^), 
Hxo BKjiioHaex h cjiynafi npHMoii, K = 0. HepeHfleM b ([S]) ox ^jihhbi ^yrn / oKpyjKHocxn 
K fl^jinHe flym s xpaKxpncbi: 

/ / ,/ sini/\ 1 du KT — sinuis) , , 

z/ =z/ ■/ = i^--^ , x.e. ^ = ^ t\^- 10 

\ T / cosz/ as Tcosz/(s) 

YpaBHeHHe (fTU]) npn l-ft'Tl < 1 HMeex xpHBHajibHoe pemeHHe 

vis) = arcsini^'T = z/* = const, 
KT-smu{s)=0 =^ ©1 (11) 

k{s) = Tptgu* = const, 

oaHaHaiomee ^^BnaceHne BepflMOR xohkh no npaMofl (ecjin K = 0) jih6o no OKpyjKHOcxn 
pa^nyca y/R'^—T'^ (pnc. [T](i) . 

HepeMena anaxa BbipaJKenna KT— sin z/(s) b neKoxopon xohkc neBOSMoacna, h6o npn- 
BCJia 6t.i K nepexofly na xpHBHajibnyio nnxerpajibnyio KpnByio (fTT]) c HapymenneM e^nn- 
cxBennocxH pemenHa b OKpecxnocxn 3xoh xohkh. Ha anaKonocxoancxBa nncjinxejia n 
Bceii npaBOH nacxn fllUp cjie^yiox mohoxohhocxb (|)yHKU,HH z/(s) n o6n];ee pemenne 

-_ dz/ = -Tln— ^ ^ sinz/ s =irT- irT-sinz/ e"^. 

KT-sinz/ /STT- sin z^(0) ^ ^ ^ ^ 

1. Hycxb z/(s) Bospacxaex. Tor^a, ecjin z/(0) > — vr/2, mojkho nojioacnxb z/(0) = — vr/2, 
BKjiioHHB xcM caMbiM npe^^BicxopHK) ^^BHJKeHHa. 06o3HaHHB w = +KT, nojiynacM 



sin z/(s) = w — (l+w)e cos z/(s) = Wl — sin z/(s). (12 
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Pi/ic. 8. SaBi/ici/iMOCTb k^{s;w,T) 



HaxypajibHoe ypaBHeHHe (|6]) fl^jis xpaKTpHCbi oKpyjKHocTH npHHHMaeT bh^ k~^{s;w,T) 
H3 Otmcthm, hto jiJis s^O pa;];HKaji b SHaMenaxejie ^^eflcTBHTejien npn 

w>l, T>0, O^s^^i, , , 

-l<u;^l, T>0, O^s^oo, r^e Si=Tln^-. (13) 
w<-l, T<0, O^s^^i, ^~ 

SnaHeHHe T < b xpeTbefi cxpoKe cooTBexcTByex b hcxo;];hl.ix ypaBHeHHHX ([T]) peacHMy 
TOJiKaHHH H xpaKxpHce, peBepcHOH no oxHomeHHio k xpaKxpnce h3 nepBoii cxpokhQ 

2. Cjiynaii y6i.iBaioin;eH 4)yHKLi;HH z/(s) CBOflHxca k npe^bi^ymeMy c noMombio chm- 
MexpHH. HpH cHMMexpHH MeHHiox 3HaK opHeHXHpoBaHHbiH yroji [i^(0) = +7r/2] H 
KpHBH3Ha Be^ymefl oKpyacHocxn. HpHHaB b sxoh cHxyan;HH w = —KT, mbi coxpannM 
SHaneHHe napaMexpa (|)opML.i w h nojiy^HM, KaK h cjie;];oBajio ojKH^^axb npn CHMMexpHH, 
Bapnanx k~{s]W,T) c y6t.iBaioiii;efi kphbhshoh. 

2.2. KAaccu<f)UKa'u,ufi mpaKmpuc oKpyofCHocmu 

Hjijiiocxpaii;HH (Phc. [HI [9]) cooxBexcxByiox Bapnanxy fc"*" b (|9]) (BospacxaHHe kphbhshbi 
H yrjia i/). 

HanpaBHM Be^ymyio OKpyacHocxt (npsiMyio) h3 nanajia Koop^HHax no ocn op^nnax 
(pnc. [H]). Tor^a 6{0) = tt/2, h 9{1)='k/2 + i^/. HanajibnoMy ycjioBHio z/(0) = — | coox- 
BexcxByiox nanpaBjienne Kacaxejibnofl k xpaxxpnce Tq = 6'(0)— z/(0) = tt h Koop^^nnaxBi 

BCflOMOH XOHKH (T, 0). 



^EcjiH HMceTCH KpHBaa fc(s), s G [0, 5*1], TO peBepcHym KpHsyio mojkho nojiyiHTb rrk — /c(— s) jih6o, 
npH KOHCHHOfi fljiHHe 5*1, KEK — s). JlepKO ySeflHTbca, ^^to 

— fc^(5i — s; w, T) = fc^(s; ~w, ~T). 
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OKpyjKHOCTH c nojioJKHTejibHoii KpHBHSHoil K >0 yxop^iLT B jieByio nojiynjiocKOCTb 
(pHC. [9]a,&,c). /I,jiHHa hhth npn K ^0 mo^kct Gbitb npoHSBOJibHott: w^O. 

HpH <0 OKpyjKHOCTH yxo^HT B npaByio nojiynjiocKOCTb (pnc. |9]e). Be;i,OMa3 toh- 
Ka ;i,oji>KHa Haxo;];HTbca BHyxpn oKpyacHocTH, a hhtb ^ojiJKHa Gbitb Kopone pa^^nyca 
OKpyjKHOCTH T < R = ~1/K (HHane HSHanajibHoe HaTJiaceHHe hhth cpasy ocjiaGHex). Y 
xpaKxpHC SToro xnna — 1 < w < 0. 

^ajiee, HrnopHpyji xpHBHajibyio xpaxxpncy ( ITT]) , mbi paccMaxpHBaeM naxB paanoBH^- 
Hocxefi xpaKxpHC OKpyjKHOcxH/npaMofi: 

BHeniHsa xpaKxpnca na ^jihhhom noBO^Ke, T > R, 
BHeniHsisi xpaKxpHca c T = R (nojiapnaH, cnHpajiBHas) 
BHemHHH xpaKxpHca na KopoxKOM noBo^Ke T < R, 
xpaKxpHca npsMOH (hobo^ok «KopoxKHii»: T < R = oo) 
BHyxpeHHsa xpaKxpnca (hobo^ok KopoxKHfi), 

/I,jiHHa xpaKxpHc T2-T5 HeorpaHKHena. OKpyxcHocxb (npHMaa) f lTTj) cjiyjKHx acHMn- 
xoxHHecKOH KpHBOH xpaKxpHc T3, T4, T5. y xpaKxpHCbi T2 acHMnxoxHHecKaa OKpyjK- 
Hocxb npeBpamaexca b npe^ejiBHyio xoHxy. 

TpH BHeniHHe xpaKxpncbi hmciox xoHxy nepernGa: 

k{so;w,T) = npH ~'~ 



Tl 
T2 
T3 
T4 
T5 



w > 1 
w = 1 

<w < 1 
w = 

-1 <w <0. 



So = T In 



w 



KacacxejiBHaa k xpaKxpnce b xohkc nepernGa coBna;],aex c KacaxejibHoii k OKpyxcHocxH 
B cooxBexcxByiomeH xohkc (z/(s) = =^ k{s) = 0). 



2.3. UapaMempuHecKue ypaeneHun 

06o3HaHeHH5i 4)yHKLi;HH H napaMexpoB j^jis KOHKpexHbix xhhob mbi nnor^a cnaGjKaeM 
HHfleKcoM, HanpHMep, ri(s), ^5. 

JXsijiee Mhi HcnojibsyeM saMeny nepeMennbix 



TT 



s -> z/(s) z/(s) + - = 
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H BBo^HM TeM caMbiM Gy^nymHe napaMexpt.! KpHBbix ^ h t, 

cos^(s) ^ — sinu = —w + {l+w)e~^ , t — tg ^^^^ 
sin^(s) = cos = a/1 — cos^ 2 

y;i,o6Ht.ie TCM, hto b nanajie KpHBofi C,{0) =0 n t = 0. Tor;];a 

Tsin^ 



s/T 



1^ + e-'/T 

l+w 



(14) 



ctg^(s) 



Onpe^ejiHM (|)yHKij,Hio Z(s), CBHSbiBaiomyio ^^jihhbi pyr fl,Byx kphbbix: 



cosz/ s 



ds 



sin^(s) 



Tde 



2T 



W + cos ^ i/w2_l 



arctg 



1(7 — 1 



HojiyHeHHoe Bt.ipa>KeHHe ^eflcTBHTejiBHo h npn mhhmbix sHaneHHax paflHKajioB ( |w| < 1) 
H, KaK npe^eji, npn w = l: 



his) 

Hs) 

h^s) 
his) 



/ i , arctg 

2 ' 

, ^"^ , arth 

Vl—w' 



w-1 f 5(£) 
w+1 & 2 



w > 1; 



Ttg^, 



w 



1; 



l+w ^& 2 



2Tarthtg 



i(£) 

2 ' 



\w\ < 1; 
u; = 0; 



(15) 



^Pis) = Klis) = f/(s). 

B nocjie^HCH cxpoKC sanncan BbipajKenHbifl b yrjioBbix e^HHHn;ax nyxt, npoH^eHHtifi 
Be^ymeli tohkoh no OKpyjKHOcxH. Hpn > ^BHJKCHHe cooTBexcTByex Bpamennio no- 
jiapHoro pa^nyca npoxHB nacoBofi cxpejiKH (nojiioc b n;eHxpe (— -R, 0) Beflymefi OKpyjK- 
hocxh), h ipi,2,zis) ecxb npocxo nojiapHbiii yroji xohkh A (pnc. [21 ^BOA). Hpn K = Q 
HMeeM il^iis) = 0. OxpHij;axejibHoe h y6t.iBaioiri;ee sHaneHne ip^is) oxpaacaex yGbmaHHe 
nojiapHoro yrjia xohkh A, paBHoro b sxom cjiynae ir+ipis) (nojiioc b i^enxpe (i?, 0) bc- 
^ymefl oKpyjKHocxH) . Tenepb Bxo^^amne b ([T]) Koop^HHaxbi iu,v) xohkh A Moryx 6t>ixt> 
npeflcxaBjieHbi KaK 

Rcosipis)—R = ^ [cos'?/^(s) — 1] , 
Rsiiaipis) = ^sinipis) 
0, 

his); 

RcoslTT+ipis)] + R = ^ [cosV'(s)-l] , 
Rsm[7!-+ipis)] = ^sinipis) 

HanpaBjicHHe r(s) KacaxejibHofl k xpaKxpnce paBHO 



T1,T2,T3: 
T4: 
T5: 



U[S) 

vis) 

uis) 
vis) 

uis) 

v(s) 



R 



1 

K 



T 

w 



R = - 



1 

K 



(is) 



r(s) = r(0) + / kis) ds = n + 



cos^ 
w+ cos^ 



TT 



Hs)-as) 



Pacnojiaraa BbipaJKCHKHMH jiJis u, v, r, mbi mojkcm nojiynnxb hckombic 4)yHKii;HH x(s), ?/(s) 
Henocpe;i,cxBeHHO no (|)OMyjiaM ([1]) (x.e. Ges yxoMHxejiBHoro HHxerpHpoBaHHa cost, sinr): 
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Pi/ic. 10. TpaeKTopi/151 no/iK3ca cni/ipa/ibHoi/i rpaKxpi/icbi npi/i ee KaMeHnn no rpaKxpi/ice np5iM0ui 



T1,T2,T3,T5: 



T4: 




T 
T 



cos ip{s)—l 



w 

sin i/j{s) 



+ cos[^(s)-^(s) 



w 

T cos^(s), 
Tsin^(s) + Tin 



+ sin['?/'(s)— 

1 + sin^(s 



(16a) 



(16b) 



cos^(s) 

3th napaMeTpH3an;HH ncnojibsyioT BbipaaceHHa (fT^ h fllSp h cooTBexcTByioT Bepcnn 
HaxypajiBHoro ypaBHenHH 

2.4- TpaKmpuca npHMOu. 

ripe^ejibHtiH nepexo^ R^oo noKasan KaK Puc. [7]a — )■ Puc. \Tf): BHyxpeHHHH h BHem- 
Haa TpaKTpHCbi OKpyacHocxH CTaHOBaxca jieBoii h npaBOH TpaKxpncaMH opneHTHpoBaH- 

HOH npSMOfl. npaBOH TpaKTpHCbl 



ki{s) = k+{s;0,T) 



-1 



T\/e^ - l' 
a ypaBHenna (I16bp mojkho sanncaTb KaK 



cos^(s) = e r, 
sin^(s) = \/l — e~^, 




0:4(5) = Te T . 



T arth \/ 1 — e t 



jih6o 



Xiit) = T- 



y,it)=T In 



1 

1 — e T 



^ s < 00, 



1 + t 2Tt 
T^t ~ 1 + t2 ' 



^ t < 1. 



1 + ^2' 

^BHoe ypaBHenne onncbiBaeT n jieByio, h npaByio TpaKxpncbi (b nojioxcennn na pnc. [!]&): 



?/(x) = T arth y 1 



2^2 



Hame xpaKxpnca npaMofi paccMaxpHBaexca b xaKOM nojioxcennn: 

YnoManeM a^ecb cbohcxbo, npHBe^ennoe b Q: ecAU noAHpnym mpaKmpucy c noeod- 
KOM Oauhu T2 Kamumb no mpaKinpuce HeKomopou npfiMou c noeodnoM Oauhu T4 = 2T2 
coeMecmue nauaAhHue noAOMcenuH, mo npedeAtnaH mouKa noAApnou mpaKuipucu 6y- 
dem demamhCA no amou npAMOu (pnc. [T0|) . 
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2.5. TIoAJipHue upaeHeHUH 

JXjis BbiBo^a nojispHbix ypaBHeHHii nepefi^eM b CHCxeMy Koop^HHax c HanajioM b 
n;eHTpe Beflymeii OKpyjKHOcxH (npn 3tom b fll6ap HCHesHex cjiaraeMoe —1): 

T 



\K 



w 



3^eci. p — nojiapHbiH pa^nyc tohkh. HpocTBie npeoGpaaoBaHHsi npHBOflST k BbipajKeHHSM 
(c saMeHOH tg I = t): 



1 - 

R\ll + 2w- :r + W^, 




,'w—l . 

arctg 1 — arctgt, ^ t ^ cxd; 



w+1 



1—w \ f 1—w 

t + arctg 1 — arctg t 

' ' l+w ' 



0^t<oo: (17) 



, y/l+W + ty/l-W 2t ,1,,, 

In + arctg -. — -, 0^t< 



l—w 



y/T^ VT+w -tVT^ ^ W+l + {w~l)t^' 

JJ/LS '~Ph{t) AOnOJIHHXejIBHO BBC^CH HOBOpOT KpHBOH Ha 180° B «6ojiee KaHOHHHHOe» nojio- 

jKCHHe, xaKoe, hto ^{Q) = 0. TpaKxpnca T5 b npe^cxaBjieHHOM BH^e Bpamaexca b cxopony 
yMeHbineHHS nojispnoro yrjia. 

IIojioJKHB fljiH xpaKxpHCbi Tl w = ch u , q = th ^ , nojiyHHM 



^1*^^) " ^^q2 \j ^l^t2 ' '^i(^) = + 9 ^) arctg(gt) - arctg(g2t) - arctg t. 
HojiojKHB xpaKxpHc T3, T5 If = coscj, 0' = tg ^, nojiyHHM 



P3,5{t) = YTq^y TTt2~' ^3,5^ = {q- Q'^) arth(gt) + arctg(g^t) - arctgt. 

nojiapHbie ypaBHCHHS mojkho npe^cxaBHXb b jibhom bh^c. Tax, fljia cnnpajibHOH 
xpaKxpHCbi 

V52(p) = - arctg h -^^ = - arccos — + . (18) 

p p 2T p 

TpaKxpHca Tl orpanHHeHHofi ^jiHHbi 5*1 (fT3|) orpanHMena h no y), h saKjnonena b 
nojiapnoM cexxope mnpHnti 

(w 
V w — 1 

Ha pnc. in] napaMexp w no;];o6pan xax, nxoGbi oGpasoBajincb nepno^^nnecKne 3Be3;],naxL.ie 

KpHBbie. 

y xpaKxpncbi GH na pnc. [6] HMcexcH cHMMexpHnnaa BexBb FG (t < 0) , aBjiaion];aac5i 
peBepcnoii no oxnomennio k xpaKxpnce GF . BepnyBmncb ox napanexpa t G [— cxd, +oo] 
K ^ e [— TT, tt], KpHByio FGH MOJKHO nepHO^HnccKH npoflOJiJKHXb na ^ G (— oo, +oo) n 
nojiynnxb KpHBtie b pejKHMC «xanH-xojiKaH». 
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Pi/ic. 11. riyHOK OKpy>KHOCTei/i, aci/iMnroTHHecKi/ix /ii/iHi/iPi nysKa rpaKTpi/ic 



2.6. UynoK mpaKmpuc 

CeMeiicTBo TpaKTpnc na KopoxKOM noBo^Ke {\w\ < 1) (|)HKCHpoBaHHOH ^jihhbi T h 
o^HHaKOBBiMH HaHajit.HL.iMH ycjiOBHHMH x(0), |/(0), r(0) HasoBeM nyuKOM mpaKmpuc (pHc. fTTjl . 
IlyHKTHpoM Ha pHcyHKe H3o6pa>KeHL.i acHMHTOTHHecKHe jiHHHH HyHKa — HpaMaa H Hpe- 
^ejiBHBie OKpyjKHOCTH. OKasbiBaexcH, hto 

acuMnmomuuecKue auhuu nyuKa mpaKmpuc oBpasymm 2unep6oAUHecKuu nyuon onpycHC- 
Hocmeu c paccmosiHueM JvtecHcdy (poKycaMU 2T. B oOhom us eso (fjoKycoe naxodumcfi o6- 
ma.fl HauaAtiHasi moHKa Kpueux cejueucmea, e dpyaoM — npedeAhuaji moHKa mpaKmpucu 
T2. AcuMumoma mpanmpucu npHMOu CAyotcum padunaAbHou ocum nyuKa. 

^eiicTBHTejibHo, y xpaKxpHCBi T3 c napaMexpoM (JjopMbi w>0 o6m;HH H,eHxp Be^ymeft 
H Hpe^ejTBHOH OKpyjKHOcxeii pacHOjioJKen b xoHKe {—R,0) = {—T/w,0), y xpaKxpncBi 
T5 {w<0) — B xoHKe (-R, 0) = {—T/w,0). Pa^Hycbi HpeflejibHbix oKpyjKHocxeii paBHBi 
\/E?—T'^ = Ta/1 — w'^/\w\. Hx HeHBHbie ypaBHenna 



HpeoGpasyioxca k Bnpy w{x^ + + T^) + 2x = 0, BKjiioHaioni,eMy npn ty = h oct. 
op^HHax — acHMHXoxy xpaKxpncBi npsMoii. 

2.7. OuLudouHue ypaenenusi mpaKmpuc OKpyofcnocmu 

rTojiapHbie ypaBHeHHH xpaxxpnc HpHBo;],Hxca b [l| b BH;i,e (c saMenofi o6o3HaHeHHH 
9 ^ t, U ^ If, Q ^ p) 





arctg t — t 



{a = l) 
{a < I) 




(a > /) 



r^e = a'^—P. 
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Pmc. 12. TpaKjpi/ica kbk opToroHa/ibHa?i TpaeKTopi/i5i ceiviei/icTBa OKpy>KHOCTeui 



3to cooTBexcTByeT xpaKxpHcaM T2, Tl h T3 c a = R, l = T. Otmcthm, hto b cxpoKe 
a < I sHaneHHe n cxaHOBHTca mhhmbim. Ho h c aaMenoH n na —y/U—a? ocTaexca omnGKa 
B nepBOM cjiaraeMOM. HpH nepexofl^e nepes t = to = \/ oho npexepneBaex CKanoK ot 



Speech TaKJKe ynymena TpaKxpnca T5, KOTopaa nojiyHHjiacb 6hi npn ;];onojiHeHHH cjiy- 
Haa a > Z ycjiOBH3MH a < 0, \a\ > I. 



B y, l3| , Hapa^y c npaBHjiBHbiM nojiapHbiM ypaBHeHHeM (fT8|) TpaxTpHCbi T2 npn- 

BOflHTCH OniHGoHHblH BapHaHT! 



3. TpaKTpHCbi KaK opToronajitHbie TpaeKTopHH 

Ha pHC. fT2] Bejyinag KpHBaa A1A2A3 cocTaBjiena hs napaGojibi h npaMofl. HoKasa- 
HL.I fl^Be TpaKTpHCbi 3TOH KpHBOH. PncyHOK HpHSBaH npoHJiJiiocTpHpoBaTb cjie^^yiomHH 
BnojiHe OHeBH;];HL.iH (|)aKT (HHor;];a ynoMHHaeMbifl xax cbohctbo TpaKTpHCbi npaMofl): 

mpaKmpuca Kpueou, nocmpoeHHaH c noeodKOM Oauhu T, HeAHemcsi opmozoHaM>Hou mpa- 
CKmopueu ceMeucmea OKpy:ytcHocmeu paduyca T , n^enmpu Komopux Komopux Aecucam na 
dauHou Kpueou. 



oninGKe npHsejio, no-BH^HMOMy, HcnojitsoBaHiie cjjopMyjibi 






arctg X + arctg y = arctg 



x + V 



ecjiH \xy\ <1 jih6o sgnx^ sgny, 



6e3 yncTa ycjiOBHfi ee npHMCKHMOCTH, HapymaiomHxca: npH t^to. 
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Pmc. 13. OproroHa/ibHbie xpaeKTopi/ii/i cervieMCTB KOi^i/iK/iMHHbix OKpy>KHOCTeM 



PaccMOTpHM TpaKTpHcy oKpyjKHocTH KaK opToroHajibHyio TpaeKTopHio ceMeiicTBa 
OKpyjKHOCTeii pa^^nyca T > 0, n;eHTpL.i KOTopbix jieJKax na ^aHHoli OKpyacHOCTH pa^ny- 
ca i? > 0. 3to ceMeflcTBo HMeex ^se omGaiomHe — oKpyjKHocTH pa^nycoB R+T h \R—T\. 

Ha pHC. [TSl ffl cnjioniHMMH jihhhjimh noKaaano ceMeflcxBO (nojiy)oKpy>KHOCTeH ^jia 
cjiynaa T > R m xpaKxpnca AAi (BH^a Tl) b KanecxBe opxoroHajibHoli xpaeKxopHH ce- 
MettcxBa. HyHKXHpoM noKaaana HHBepcnaa KOH(|)Hrypan;H5i 



CO cxeneHBK) HHBepcHH < 0. 3to sunep6oAUHecKaji HHBepcna: ona, b oxjiHHHe ox o6l.ih- 
HOH (sjijiHnxHHecKofi), npe;];nojiaraex ;];onojiHHxejiL.HO noBopox na 180°. OGpasoM xoh- 
KH A HBjiaexca xoHKa B, nojiyoKpyjKHOcxH nepexo^ax b cboh ;];onojiHeHH3 flp nojiHofi 
OKpyjKHOcxH. Hs coxpaneHHH yrjioB npn HHBepcHH mbi mojkcm saKjiioHHXb, hxo o^na 
opxoroHajiBHaH xpaexxopHH npeoGpasyexca b ppyrym, h xpaKxpnca AAi (xnna Tl) npe- 
o6pa3yexc5i b peBepcnyio xpaKxpncy BBi. 

Ha pHC. [T3b T < R. OKpyjKHOcxb HHBepcHH, noKasaHHaa inxpHX-nyHKxnpoM, b sxom 
cjiynae ^eflcxBHxejiBHa: > 0. HojiynaeM xpaKxpncbi T3 h T5 b KanecxBe opxoronajib- 
Hbix xpaeKxopHH, xaKJKe aBjiaiomHeca HHBepcHBiMH oGpaaaMH ^pyr ^pyra. OKpyjKHocxt. 
HHBepcHH coBna^aex c npeflejiBHtiMH oKpyjKHocxaMH KajK^oli hs ^Byx xpaKxpnc h sb- 
jiaexca ein;e o^hoh — xpHBHajibHofl — opxoroHajibHoii xpaexxopHeii (fTTj) . 

HaKOHen;, npn T = R nojiynaeM ceMeiicxBO koi^hkjihhhbix OKpyjKHOcxefi, noKasannoe 
Ha pHC. [T3b . H nojiapnyio xpaKxpncy T2. Hpn HHBepcHH sxoh KOH(|)Hrypaii;HH oxhoch- 
xejiBHo oKpyjKHocxH A (ornGaiomeH ceMeflcxBa) nojiy^HM ceMeflcxBo npsMBix, Kacaio- 
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mHxca A, H Hx opToroHajibHyio xpaeKTopHio, HBjiHiomyioca, kek HssecTHO, SBOJibBeHTofl 

OKpyjKHOCTH A [J, CTp.252]. 

PasGneHHe KpyroBoro KOjibi];a na «KpHBOjiHHeHHbie np5iMoyrojibHHKH» c noMombio ce- 
MeftcTBa OKpyjKHOCTeil h opToroHajibHoro euy ceMeficTBa xpaKxpHC rioKasano na pnc. [T5H . 



* * * 



Otmcthm b saKjiioHeHHe, hto b nocjie^HHe ro;i,t.i b o6jiacTH Computer- Aided Design 

CHJIBHO BOSpOC HHTepeC K KpHBblM C MOHOTOHHO H3MeHaiOmeHCa KpHBH3HOH. B paMKaX 

3THX npHjiojKeHHH HX HasbiBaioT cnupaAJiMu (06 3TOM CM. B j5j). Hccjie^oBaHHe cnnpa- 
jieii H KojijieKii;HOHHpoBaHHe hx o6pa3n;oB h npHBjieKjio BKHManne aBxopa k TpaKTpncaM 

OKpyjKHOCTH. 
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